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Disordered Heisenberg chain
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« Paradigmatic model for interplay of
disorder and many-body (spin-spin)
Interactions

* Much is known already, both theoretically
and numerically: ideal test case!
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Disordered Heisenberg chain

* Theoretical results: Ma, Dasgupta, Hu

— strong disorder real space RG (SDRG):
successive elimination of neighboring spins
with maximal coupling J

— Universal power-law dependences for specific
heat C oc T’ and susceptibility oc T/

J

Ji-1 Ji Jit1 renormalize

——A—— =

Si—1 S Si+1  Si42 Si—1  Jd=J;,J
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[S. K. Ma, C. Dasgupta, and C. K. Hu, Phys. Rev. Lett. 43, 1434 (1979); C. Dasguptaand S. K. Ma, Phys. Rev. B 22, 1305 (1980)]
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Disordered Heisenberg chain

» Theoretical results: Fisher;
— MDH ground state is “random singlet phase”
— Spin-spin correlation power-law <§.§_>OC (-1)"
— Mean <§i.§j>, not typical i—jf

log2

Spyg ~——log, Ly =0.231 log L,
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[D. S. Fisher, PRB 50, 3799 (1994); PRB 51, 6411 (1995); G. Refael and J. E. Moore, PRL 93, 260602 (2004)]
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Disordered Heisenberg chain

« Extended strategies: Westerberg et al.
— use (largest) energy gaps A

— works for spin beyond s=1/2 C OCT_OBB“nT‘
— universal for most P(J) 7o T
A1 DNy A A;_q Aiii
TR R
Si—1 S Si+1  Si+2 Si—1 5 Si+2

[E. Westerberg, A. Furusaki, M. Sigrist, and P. A. Lee, Phys. Rev. Lett. 75, 4302 (1995); Phys. Rev. B 55, 12578 (1997).]
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Disordered Heisenberg chain

* Numerical strategies: Hikihara et al.
— higher multiplet excitations o

— numerical verification of (55, ) or (_1)i_2jv

AL A AL Ay Aiir |i_j|
N R
Si—1 Si Si+1  |Si+2 Si—1 g Hjj:’z

keep more than ground state
R L
Si—1 5

[T. Hikihara, A. Furusaki,and M. Sigrist, Phys. Rev. B 60, 12116 (1999).]
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The gold standard: DMRG

Exponential growth of Hilbert space avoided by truncating using local information
while keeping non-trival guantumness of states

* Infinite and finite-system algorithms
e block S 2 sites black E
bBlock 5 block E Eﬁ;élnﬁmlﬂ OO0
# é sit; l g?:::;nment rm— | 00
l ¢ 4 1 system size
superblock minimal ole)
s.}*stem/ i E““’i\'i“ ment Zy;:ft;n — |00 (retrieved)

new block S new block E end of finite

DMRG ID O

[S. R. White, Phys. Rev. Lett. 69, 2863 (1992); U. Schollwéck, Ann. Phys. 326,96 (2011).
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MPS, MPO formulation of DMRG

. DMRG builds up a matrix-product state

Z C ..,GL>

Z Z I\/I Gll\/l aO]jZaZ M a?l-_l_zlaL lM ao‘l-_Ll
O 8y
* Physicalindices (spin) o,,...,0,
- Tensor C, . canbe decomposed into
tensor network

[S. Ostlund and S. Rommer, Phys. Rev. Lett. 75, 3537 (1995); U. Schollwdck,Ann. Phys. 326, 96 (2011)]
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MPS, MPO formulation of DMRG

» Operators are written similarly for

consistency
O = Z Z D NLL‘O'l, ><T1,...,TL‘

01,71 02.:72 OL1:71L1 oL, 7L
X
Z 2 2 WL W W

WO Tppen T Byl

G M|

[S. Ostlund and S. Rommer, Phys. Rev. Lett. 75, 3537 (1995); U. Schollwdck,Ann. Phys. 326, 96 (2011)]
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MPQOs in practice - an

example:
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MPS, MPO formulation of DMRG

* Movingto cartoons
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MPS, MPO formulation of DMRG

* Movingto cartoons
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MPS, MPO formulation of DMRG
Lo 60| _— Q-Q-Q_Q‘-GQ

| (retrieved) |O O <— I < H O H

OO0
DD OI I a, a, a,~—a,

a, "
I—"‘ IO C}l (retrieved) | . & A 3 . -
. b, = |"}-b, b - = b
I |0O| | )2, 2 a ). a
a a,

. Reformulation of 2-site —[“’]— e -E':i'fff.‘if:;?—
DMRG Y T

 Density matrix Schur- - v - H v

decomposed and truncatec v =bond dimension
| I

A=UDV' T

WARWICK



SDRG MPO process ~<=-&5

e Contract MPO tensors for sites with

largest gap | (’|Zm“ | “|Zm“ |
contract fuse

T +1 O +1

» Keep lowest 7 elgenvalues only and

contract ~
B bimT*T)im—H <:>
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SDRG MPO process

« Contract MPO tensors for sites with
largest gap \yfininal _ S W Ty Tt s - < 4
bim m—1'"Im Iim *~im+1

» Keep lowest ¥ eigenvalues only and

contract
A, =V](HE ®1+J, 575" +1®HF ||V

6i"”w ) m  Im X
I:é ;j i {:} = = of ' i
7 & W0'|m,0'|m _ Z[VT:| m WT,T |:V ] m
7., b i b'm—l’b'm T'

im—libim V4 X
T,T'
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SDRG as TTN e e

A .

+ Hilbert

Basic RG step: . space /\\
2 : ———

Isometry:
&im O'im
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Tree tensor networks pictorially
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Why bother?

e VMPS works well for

* VMPS ignores disorder In
setup and hence update

process is highly affected = twe ~  ——

» Inhomogeneous TTN as | z\j
oresented here includes %ﬁﬁw%}%mmﬂww
disorder as building block L\Li /J
of network itself, ADAPTIVE —




Ground state convergence

DMRG=vMPS
AJ AJ
SDRG with TTN=tSDRG Ji S 1—7,1+7
 tSRDG . l
converges 0421 o (SDRGy=4 |
| me > tSDRG =10
&4 tSDRG %=20

* Energies a bit
better in vMPS

044} o -oa VMPS =10

=0 —
BBBBB
-

~ . e
» Larger R 1 L
disorder oas| [ R e 02
Improves |
tSDRG 05— = I1 1|.5 2
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Spin-spin correlation l58 ) oc
B |

 Fisher 1/r?

recovered
 Large distance ,

behaviour

dominated by

boundaries P

Ixz-xll
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The idea of “holography”

- Maldacena/Witten: physical < Evenbly/Vidal: might help in
world lives on surface of computing correlations
larger/bulk space

« Swingle: tensor networks are
like larger space

area
(O(2:)O(a;)) ~ exp|~Alength, Sp = o
N
minimal surface Y
A
< holographic dimension

723105 (2010); G. Evenbly and G. Vidal, J. Stat. Phys. 145, 891 (2011)]
|




Fitting a path length

° Proposal <§ oS > o e—a<D(X1,X2)> oC e_aﬁlog|X1—X2| oC ‘Xl — Xz‘—a

X X

20

151 — Dpp(xy 5 x,)
— 294 1n I)c2 - xll +3.02

1 1 | 1 | E T | 1 1 1 1 1 llll
| 10 100
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Spin-spin correlation as a
holographic path length

: L A 1) ‘ : | L | '|
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Entanglement entropy 1IN

» Holography Sy =—T11Pal09, p,
suggests new
method of
calculation:

SA\B C Ny

minimum #bonds

that need to be “cut”
to separate A from B

WARWICK

[idea does not work in VMPS]



Entanglement entropy

e VMPS best for

small AJ
disorder

* tSDRG better
for AJ>1
* Large difference

between mean
and maximum S

2.5

1.5

SAIH

Bipartite system

SA||3 — _TrpA Iogz J2N

' | ' T

o—o tSDRG =20 (average)

- o-o0tSDRG %=20 (average max)
2—a vMPS x=40

- p—p> VMPS =20

0 05 ' T 15

WARWICK




Log(L) increase for Sas

« VMPS needs to AJ =2
Increase X 3

« tSDRG does L g 5
- 0.358log,L +0.411 &

not, much 25| 0.096 log,L +0.671 o F |
easierto ' e _
computefor < | .=~ |
large L st |

» Large difference

between mean and 1 . | T
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maximum S L
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Block(ed) system

Block entanglement S, ; NN

[G. Refael and J. E. Moore, PRL 93, 260602 (2004)]

* Refael/Moore |og2|
resultimplies e 0g, Ls ~0.231 log Ly
CFT with 3—— . —
effective central T 020 loety + 110 L =50
Charge E1. |()g 5 2.5 -~ [log(2)/3]log,L, +1.086 S

 Wefind a0

S, ~0.230 log LB . _
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Entanglement per bond, S/n,

» for 5,5 and S, L =50

 we find constant 0 0 o o 10 50
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What about other tree tensor
networks?

« Can we perhaps compute the path lengths
explicitely for some tree networks?

Dimension
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Path lengths in m-ary trees

Root node

Level n /
1 Vertex
F
: N\
4
5

A NI AN N AR AIAIA I I NS

Separation r
Leaf P

* Full and complete m-ary trees have been
well studied, e.qg. for sorting problems.

« But 1D order imposes an apparently not
yet studied condition.

“Leaf-to-leaf distances and theirmoments in finite and infinite m-ary tree graphs”, A.M. Goldsborough, S.A.
Rautu, RAR, arXiv:1406.4079
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Path lengths in m-ary trees

« We find M (r) = m™" 29nd (m™ —r)
+r(m-1)(-2)* [CI)(m, —g,—n)—m""*d(m,—q, —nc)]

(m)
" (r) = Man (1) | (m)
q,n mn _r d(m,q,n) = Hurwitz-Lerch nc — Llogm(r)J 4+1
transcendent
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Path lengths in Catalan trees

et /N n £ #nodes

 Full, but not
complete

 Catalan
numbers 11, 1,
2,5, 14, ...

« Not a random
tree

Separation r
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Path lengths in Catalan trees
« We find Dy
(N—r+1)DF =S (r) AD=C
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Random binary .-
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The networks are different, so
the physics will be as well ... (?)

20 I | D
L - — m=2
I5E — Do) gt “r :—E%o
— 294Inlx,-x1+3.02 r |— m=50
) ) tSDRG Full and S0l =100
E10 . s |
o | network complete = )
Al m-ary
; trees 10
Catalan 1
30 ——TTT T
(complete
binary) ol
~ trees T
al Randomg™ [
binary (not |
fullor s
complete) o
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Periodic boundaries (binary)

Circle Limit Il is a woodcut made in 1959
by Dutch artist M. C. Escher
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Conclusions

* An inhomogeneous, self-assembled TTN
works. First such beast ever!

 We compared VMPS with tSDRG; ViSDRG
IS possible and should be much better

(just as finite-size DMRG is better than infinite-size DMRG)

» Holography holds in 1D disordered
guantum spin chains, 1st quantitative check!
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Isometries make computation
faster
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How to do the RG with a TTN
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