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What this talk is about 

1)  A `lightening-quick’ overview of Eliashberg Theory, 
      as I would teach in a graduate course, for example. 

2)  Is there more, at least for the cuprates, for example? 

3)  The Dynamic Hubbard model --- is there more to  
      Coulomb repulsions than µ* ? 
              (i) conceptual look 
              (ii) DMFT solution 
              (iii) 2-site model 
              (iv) relation to high-Tc experiments (optics) 



all k’s !! ---  occupation is  
controlled by uk and vk. 

order parameter (Δk)  becomes non-zero, so, e.g. 
where  
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In Ogg’s theory it was his intent  
That the current keep flowing, once sent; 
So to save himself trouble,  
He put them in double,  
And instead of stopping, it went. 

George Gamow 

It’s all about pairs… 

…Cooper pairs 
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T = 0 !! 

superconducting state 

why sacrifice 
kinetic energy ? 

Ans:   gain 
potential energy 

remember, 



BCS formalism vs. Pairing Mechanism 

Tc equation (useless) 

Universality 

Universality is wonderful 

Universality is a curse! 
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Eliashberg Theory 

•  Extension of BCS formalism to include 
dynamical electron-phonon interaction 

•  builds on Migdal theory in the normal state 
•  loosely modeled in BCS theory 

ω ωD 

ωD 

ω 

Physica 55, 691 (1971) 

G. M. Eliashberg 
Started graduate school in 1959 
Wrote Eliashberg Theory paper in 1960 
Graduated in 1963! 



Eliashberg Theory 

A functional of the interaction 

Question: Can we invert the theory to extract the                                               
potential uniquely from a knowledge of  Δ(k,ω) ? 

G. M. Eliashberg 
Started graduate school in 1959 
Wrote Eliashberg Theory paper in 1960 
Graduated in 1963! 



Answer is Yes! 



I. Giaever, H.R. Hart, Jr., and K. Megerle, PRB 126, 941 (1962) 

d I  ~ N(ε) 
dV 

Ivar Giaever 



McMillan and Rowell, Superconductivity, ed. By R.D. Parks (1969) 

 BCS  

data Pb 

requires Eliashberg theory: 
•  phonon dynamics (retardation) taken into account 

•  gap is a function of frequency  

•  density of states is modified: 



Pb 

ω(meV) 

F(ω): density of phonon states 
          from neutron scattering 

     (Brockhouse at Chalk River) 





So what’s wrong? 
1) How did µ = UN(EF) get reduced to µ*? 

Phil Anderson 



Eliashberg Theory 

ω ωD 

ωD 

ω 

But… 
Never seen in QMC simulations 
Many other ways for U to be 
Reduced 



See also cond-mat 1212.2975 

Phys. Rev. B 87, 054507 (2013) 





What is important, what can we ‘throw out’ ?  

Copper-Oxygen Planes 
http://www.cnms.ornl.gov/images/gordon-bell-1.gif 

Fig. 1: (a) The crystal structure of La2CuO4, a typical 
cuprate, where black, red, and blue sphere represent Cu, O, 

and La, respectively. (b) The CuO2 plane with outlines of the 
Cu dx2-y2 and O px and py orbitals. Also shown in full color 
is the Zhang-Rice singlet state that forms from hybridization 

of the Cu orbitals with the neighboring O orbitals. (c) 
Pictorial representation of the single band 2D Hubbard 
model with on-site Coulomb repulsion U and inter-site 

hopping t.  

High Tc Cuprates: a Case Study 



The (single band) Hubbard model 

U 

t 

J. Hubbard 



Does it have the ‘right stuff’ (Doug Scalapino)? 

V 
Nearest neighbour interactions 

(6 eV) 

Modulated hopping    Δt 
3-site hopping (t-J model) 

Exchange term J 

  t+Δt 

phonons, oxygen (or other) orbitals, longer range hopping, polarons, lunar effects, etc. 

Doug 
Scalapino 



Or have we missed a key ingredient all along? 

…a parable involving the lowly Helium atom… 





Ashcroft and Mermin, inside front cover 





Exact energy 

1s2 energy 

Joel 

Marc 

Not 1.000 ! 



Why is this important? 

J.E. Hirsch, PRL 87, 206402 (2001) 

Experimental values: 

4 eV ≈ 46 000 K !  



In essentially all the lattice models used to understand electron  
correlations in solids, the “playing field” is static (phonons are  

a different matter). 

In He, when one electron is present, it occupies the 1s orbital: 
+

When two electrons are present, in Hubbard-like models they (doubly) occupy  
the 1s orbital: 

+  For real atom + + ++ + … 

  For Hubbard model: +



This is like what happens in general relativity; the presence of  
mass alters the underlying space-time structure.  



This is like what happens in general relativity; the presence of  
mass alters the underlying space-time structure.  

Here, the presence of a second electron alters the nature of the  
orbitals that model the conduction band. 
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U12 

Lindsay Forestell 

Chris Polachic 



Exact Diagonalizations (very small clusters!) 

Antoine Georges, arXiv:cond-mat/0403123 

Dynamical Mean Field Theory (DMFT) 

AND 



Lindsay Forestell 



This is like what happens in general relativity; the presence of  
mass alters the underlying space-time structure.  

A simple way to model this: hopping term 

Pseudospin degree of freedom On-site 
interaction 

The pseudospin degree of freedom represents  
an adjustment of the orbitals to the number  

of electrons that happens to be present. 

Here, the presence of a second electron alters the nature of the  
orbitals that model the conduction band. 

σz = -1 

σz = +1 

Ω = ω0 √1+g2 



hopping term 

Dynamic Hubbard Model                                                                         J.E. Hirsch, PRB 65, 184502 (2002) 

                                        Parameter 
             t      electron hopping                                     
            U      `bare’ electron-electron repulsion 
            g      electron-pseudospin coupling strength 
            ω0       energy (time) scale associated with pseudospin 

How do we check this out?   (i) effective model 
                                            (ii) exact diagonalizations 

                                          (iii) Dynamical Mean Field Theory 
Giang Bach 



z 

Electron-hole asymmetry!!! 

Mott physics vs. orbital relaxation 

Mott physics vs. orbital relaxation 

Pseudspin expectation values 

σz = -1 

σz = +1 

Ω = ω0 √1+g2 

z = V2 

G.H. Bach et al., PRB 82, 155122 (2010) 

M. Potthoff, Phys. Rev. B 64, 165114 2001: 2-site DMFT 



n = 0.2 n = 1.8 
G.H. Bach et al., PRB 82, 155122 (2010) 

U=1, g=1, ω0 = 2 



Optical conductivity 

See also G.H. Bach and F.M. PRB 85, 155134 (2012) 

G.H. Bach et al., PRB 82, 155122 (2010) 



G.H. Bach and F.M. PRB 85, 155134 (2012) 

Dimer calculations 



How do we measure this ? 

Optical Sum Rule (Kubo) 

for all bands (or  quadratic dispersion): 

for tight-binding band (with nearest neighbour hopping): 



See also Shiles et al. PRB22, 1612 (1980) 



van der Marel et al. cond-mat/0302169 

why is there temperature dependence 
in the normal state ? 

Answer: 
1) nk ---> fk  (Fermi-Dirac) 

2) interactions 

Note: Absolute value of kinetic 
          energy decreases in the 
           superconducting state. 

 This is conventional behaviour 

Ekin = 2 Σεknk 



Science 22 March 2002 295: 2239-2241  

Bi2223 

Bi2212 



M.V. Klein and G. Blumberg, 
Science 283, 42 (1999) 

Al 

Ah 



Anomalous sum rule change at Tc 

FM, Phys. Rev. B73, 064507 

Using a phenomenology of scattering rate collapse: 



microwave 

use 1/τ = 1/ τ0 (T/Tc)4 below Tc 



Also in photoemission, M.R. Norman et al. 
Phys. Rev. Lett. 79, 3506–3509 (1997)  

normal state 

superconducting state 



Summary 

I’ve tried to make the case that the BCS pairing formalism  
gives an excellent description of the superconducting state 

but… 
The actual mechanism is an active subject of current  

interest for all superconductors 



  What are the essential ingredients buried in the parameter µ* ? 
     (i) Maybe the Hubbard and Hubbard-like models don’t  
           really capture the essence of electron correlations in metals. 
     (ii) The Dynamic Hubbard model tries to incorporate orbital            
           relaxation --- the fact that orbitals expand, etc. when doubly 
           occupied. Do these processes play an important role for  
           superconductivity? 

Key Points 

     Moreover… 
•  We find a fundamental electron-hole asymmetry. This asymmetry is 

apparent in tunneling, and more indirectly through other probes. 
•  Pairing (requiring further study) results in energy lowering through 

kinetic energy (not potential energy), as seen in several optical 
conductivity studies (Basov, van der Marel, Bontemps, Timusk, etc.) 
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