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Microscopie description § macroscopie consistency

m Thermodynamic consistency: from microscopic statistical
wechantes to thermool yna mic (macroscopic) phenomena

B Macroscopic conservation laws -- microscopic Ward Loentities

B Baywm-Kadanoff construction — 1P self-consistency for the
self-energy

B Quantum critical phenomena —- divergence in two-particle
functions

B To control 2P criticality -- a direct (diagramwmatic) approach to 2P
functions (not via self-energy)

B Parguet equations — 2P self-consistency eliminating spurious
(non-integrable) divergencies

How to make 2P (parquet) approach J

thermodyna mica Ly consistent?
LSU
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Outline

outline

Ruantum mawg-bodg systems
B Thermodynamics § Green functions
B Bethe-Salpeter § parquet equations

Thermodynamically consistent many-body parquet approach
B Schwinger-Dyson equation and ward Loentity generally
B Perturbing the self-energy
B 2P approach - Linearized ward identity and Schwinger-bDyson
equation

Thermodynamic consistency in disordered systems
B 27 reducibility and parquet equations in disordered systems
B ward identity and the full 2 vertex

conclusions
LSU
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PGeneral Basics Par

Equilibrivum Hamiltonian § general perturbation

Equilibrivum hamiltonian: Tight-binding description

/IL\/ = Z(E(k)CiﬁCk(7 aF Z V,'/ﬁig aF Uzﬁifﬁii

ko io i

General perturbation: Normal § anomalous terms

HeXt—/dld2{ZnU(1,2)cj,(1)co(2) ... conserves charge § spin
v [W,L(L 2)cl(1)e,(2) + (1, 2)cj(2)cT(1)] ... consenves charge

+ Z [_,U(l, 2)c,(1)c, (2) + £ll(1, 2)cf,(1)cf,(2)} ... CONSErVES SPin

+ [Ei(l, 2)c (1), (2) + E-(1, 2)@(2)4(1)} ... changes charge § splw}l_su
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PGeneral

Thermodynamics § Greew functions - unrenormalized

B Thermodyna mic potential with external sources
(weak non-equilibrium)

Q[G(O)*l., H) = -8 tlogTr {exp {—B (H—i— ﬂext — /LN) H

wunperturbed 17 Greew function GO~1 = [iw, — (k) — 4]
B 1P Green function

/. n o 71 -~ T / _ 5Q[G(0)717 I_,]
Goor (K, K';7,7") = h‘rr{p/-/ T {CkU(T)Ck,U/(T )}} = GOk, 7k, 77)

PH = exp {fﬁﬂ} /Trexp {fﬁﬁ}

B 2P green function

Gy(12,34) = f%w{m T [w(1)@(3)@(4)%(2)*}}

= (Rl.,Tl)

LSU
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PGeneral Basics Parquet eq

qreen functions from a renormalized functional

(Baym § Kadanoff)

m Renormalized generating functional -- "Legendre transform”
of the thermodynamic potential

O[G, H] = QIGO0 H] — /di (G<°>-1(1,1) - G-1(1,I)) G(1,1)

B 1P Green function and self-energy (equilibrivum)

5P[G, H] 5P[G, 0]
(12) = — 22 THI2) = — 2
=y, - = 5ae)
B 2P green and vertex functions (equilibrivum)
520[G, H] 3*®[G, 0]
2)x(13,24) = : A*(13,24) = ’
G (1324 0Ha(4,3)0Hx(2,1) |, (13,24) 5Go(4,3)6G5(2,1)

LSU
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PGeneral Basics  Parque

Fundamental relations between 1P § 2P GF

B Dyson equation

50[G, H]

GO=1(1,2) — GY(1,2) = £¥(12) = 5C.(.1)
H=0

B Schwinger-Dyson equation — projection of Schrbdinger equation

zg(k):ﬁﬂl\lZG,,,(k’) 17725 ok, K5 q)Go(k+ G)Go (K + q)

B Bethe-Salpeter equations
Mk K;q) =Nk K;q) — [N*"GGCOT](k K;q)
B generalized ward 'Ldewtitg (thermodawamic oowsistewotd)
5T9(1,2)
0G~(4,3)

B SD § WI hold simultaneously in full exact but none approximate | gy
(even asy mptoticuLLg exact) theory

A*(13,24) =

Vécelav )anig 20th Mardi Grass Conference, LSWU, Feb 14, 2015



PGeneral =asios  Parquet equations

Necessitg to control direc’ch 2P functions

B Critical behavior and phase transitions due to
singularities in Bethe-Salpeter equations
m Two-particle self-consistency needed to eliminate unphysical
(non-integrable) singularities
B Stable equiltbrivm state in the critical region
— full control of 2P functions necessary
B BR approach does not work —— 2P vertex not explicitly known for
the given self-energy (2P singularities not controlled)
B (nverse procedure to BK:
B Direct (diagrammatic) approximation for 2P vertices
B (ntroduce a two-particle self-consistency (when needed)
B Construct a self-energy to the given 2P vertex
m ward identity generally lost

Thermody namic cowsistewag -- ward 'Lolewtitg J

to be retntroduced (macroscale) LSU
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PGeneral Basics  Parquet equations

Bethe- Salpeter equation - electron-hole channel

B Multiple simultaneous scatterings —- electron-hole Ladder

ok ok’/
ok

oK +q
o'k+q ok’ +q

B Conserving (bosonic) transfer (four)momentum: k — K
Coor (K, K q) = A, (K, K; q) Z/\ (k,K;q")

X Go(k+q") Gy (K + q”) mf(k+ q K +d"9-4d")
B Decomposition of the full vertex: ALL = Lrreductble U reducible

(diagrams)
__ peh eh
rggl = /\U(T’ + ’C(TU/ LSU
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PGeneral Basics  Parquet equations

Bethe- Salpeter equation - electron-electron channel

B Multiple sbmultaneous seatterings - electron-electron Ladder

ok ok’
ok”

o'k +q a'k' +q
ok+kK +q—k

B Conserving (bosonie) transfer (four) momentum: k+ k' + g
raa’ k7 k/; — /\ee k M /\ee k k/_|_ //; N/
(ks K q) = A (k, K q) — /\/ Z qq-q")

X Go(k+q—q")Gor (K + CI")rmr/(kJr 9—q".K:d")

m Decomposition of the full vertex: ALl = Lrreducible U reducible
(diagrams)
Moo =N, + KE2 LSU
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PGeneral Basics  Parquet equations

Vertex functions — Parquet approach (two channels)

B Basic concept: 2P reducibility — not uniquely defined
B Channel-dependent decompositions of the full vertex:
oot = Al + K55 = A%, + K,
m Fully trreductble vertex (diagmmmatiaaug): T = A Aee
B Existence (appLLcabLLLtg) of the parquet decomposition:

KenKe =0
B Fundamental parguet decomposition:
r:IUKeeUICeh:AEhUAee\I:I+K6h+’Cee:/\ee+/\eh*1’
B Parquet equations: Bethe-Salpeter equations with [ replaced by
the fundamental parquet decomposition
[ to parquet equations: fully irreducible vertex Z, G,
: 2PIR vertices A" and \*

, , LSU
m No prescribed conmection between X and A or [
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Many body SDE-WI pe

Parquet equations for interacting systems

Nown-locality in space § time — parquet equations also Locally

1P propagators in the parguet equations:
Self-energy from Schwinger-byson egquation
B Thermodynamic consistency not guaranteed: Singularity in the
BSE does not break the symmetry of the self-energy
B Parguet equations (2P approach) break down beyond the critical
point (siwgul,aritg n BSE)!

Thermody namtc cowsistew% only via ward 'wlem,titg
Full Wi cannot be resolved

W1 does not determine the self-energy (energy not conserved)
(unlike disordered systems)

LSU
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Many body

1P propagators § 2P vertices

B Schwinger-Dyson equation: Self-energy and the full 2P vertex

ok ok ok+q’
ok ok

ok ok —ok" +q"

e — ok

m ward identity: Self-energy and 2P Lrreducible vertex

ok ok
k+q"
5 - [=]e
k./ +q//

ok’ ok’

AT, (k K) = To(K) — Zo(K), AG,(k K) = Gy (k) — Gy (K)

owne can never fulfill both Ldentities! J LSU
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Many body

Two-pa rticle cri,tical,itg

B Transition to an ordered state via a critical point - divergence in
a Bethe-Salpeter equation

B Magwetie order — electron hole bubbles (Local Lrreducible vertex)

N
Cry(k K q) = @)
1 =AY xpu(k— KA xar(k = K)
with Xoor(q) = (BN) ™" 32, Go (k) Gor (k+ q)

m Critical point: /\%XW(O) =-1

How to treat the theory beyond the critical point? J
B Ewmergence of magwnetic order - spin-polarized self-energy
B Only in thermodynamically consistent theories LSU
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Many body SDE-WI  1P-perturbation Linearized Wi

Perturbed self-energy - magnetic ordering

B Repulsive particle interaction —- electron-hole scattering dominant
B Linear-response theory - unperturbed A" (AY) determines the

self-energy
B Longitudinal magnetic order (eh bubbles): normal self-energy
l
. N
() = R~
1

T]i

B Transversal (s]:l',w ﬂi,]:) magwnetic order (eh Ladders): seLf—ewergg
anomalous only in the spin-polarized state

1

() = A%

ﬁL

1 LSU
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Many body SDE-WI  1P-perturbation Linearized Wi

Perturbed self-energy - superconducting ordering

B Attractive particle interaction —- electron-electron scattering
dominant

B Linear-response theory - unperturbed N determines the
self-energy

] TerLct swperoowdua’ciwg order (ee bubbles): anomalous
self-energ Y § anomalous vertex (does not conserve sp'm)

h
n@ = (M
+ _
§H
B Singlet superconducting order (ee ladders): anomalous
self-energy
1
i &
Sn(€h) = Aff
LSU
1
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Many body SPE-WI  1P-perturbation Linearized wi

Linearized Ward Lolewtita

B Wi resolved w.r.t. symimetry-breaking field - only normal

component
B Cinearized Wi in the external magwetic field (lLongitudinal g
transversal)
/I\
U .
o = Ay Yy = A?’j G,

m Mathewmatical expressions

1
Ti(k) = [TNZA%(/(’ kiq)Gy(k+ q)
¥ (k ﬁNZ/\ (k, K';0)Gy (K)

B Vertex depends quadmticaLLH ow the perturbing (magnetic) field

Vécelav Janig 20th Mardi Grass Conference, LSWU, Feb 14, 2015



Many body SPE-WI  1P-perturbation Linearized wi

SDE L the thermod yna miea Ly consilstent approach

B Linearized Wi: symwmetry of the self-energy gets broken at the
divergence in the BSE for a zero eigenvalue of

Mk,k/ = 5;(1/(’ I /\'w(k, /(; O)GT(/()G:L(/()

B 1P propagators should use X from LWI in all equations with 2P
functions: BSE, SDE

LSU
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Many body SPE-WI 1P-perturbation Linearized Wi

SDE L the thermod yna miea Ly consilstent approach

B Linearized Wi: symwmetry of the self-energy gets broken at the
divergence in the BSE for a zero eigenvalue of

Mk,k/ = 5/(1/(’ I /\'N(k, /(; O)GT(/()G:L(/()

B 1P propagators should use X from LWI in all equations with 2P
fuwotiows: BSE, SPE

Schwinger-byson equation with 5, and G, from the parquet
equations determines the puysical (thermodynamic) self-energy

T = 5y 2 GK) 1= 5 3 LK) Gi(k+ K = K)

X FN(IJ,I\/’;k—I\/’)
LSl
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2Pconsistent Dparquets Wi disorde

Parquet equations for disordered electrons

m uenched disorder § no ee interaction
- no dgwamias, energy conserved
B Equilibrivm thermodgwamicg
- renormalization of the dispersion relation
B Nown-equilibrium - Linear Response Theory (kubo formalism)

B Equilibrivm two-particle Greew function needed
B Multiple scattering on impurities

B Local scatterings — mean field (CPA)
B Nowlocal scatterings -- electron-electron and electron-hole
simultaneous propagation distinguishable

m Two-particle self-consistency — via parquet equations (beyond CPA)
m Vertex function not fully compatible with the ward identity

B Thermodyna mic cows'bs‘cev»05 -- corrections to the vertex from the
parquet equations so that ward idewtitgj is obeyed

LSU
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2Pconsistent Dparquets Wi disorde

Model description of scatterings on bmpurities

Nowninteracting Lattice electrons tn a random Lattice (mpurities) tn
tight-binding representation:

Hap = Z ticlcj + Z Vide;

<ij> i

Disorder distribution (site independent):

X, = [ ave(xv)

binary alloy: p(V) = c6(V—A) + (1 - c)d(V+A)

: Averaged free energy (thermodynamics)

F, = —kBT<InTrexp {—/BFIAD(L‘,L v,-)}>
av

Good for thermodynamics and averaged one-electron functions,
no information on transport and dynamical gquantities LSU

Vvéclav janig 20th Mardi Grass Conference, LSWU, Feb 14, 2015



2Pconsistent Dparquets Wi disorde

TWo—particLe red»«.oibiLLtg and parguet olecompositiow

B Distinction between electron and holes necessary for
parquet equations — non LocaLLtg bn time or space

B Static theory — non-local scatterings
(beyond Local mean—field)

B Expansion begowd MFT: non-local (off-diagonal) 1PGF

_ 1 N — 1
G(Es, k) = — ,
(B k) = — E+ 07 — (k') — X(E+ 07, k)

B Distinguishable two-particle reducibility
m Local diagrams — fully irreducible

B Electron-hole simultaneous propagation: G(E., k)G(E_, q+ k)

B Electron-electron simultaneous propagation: G(Ey, k)G(E_,q — k)
LSU
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2Pconsistent Dparquets Wi disorder

Bethe-Salpeter and the parguet equations (wo WI)

B BS equation with multiple nonlocal eh scatterings

—eh
Moo (Ey, E-; Q) = Ao (Ex, E_; q) Z/\kk” Ey,E_;q)
k//

X E(E+, I(N)E(E,7 k" + q)rk/lk/(E+7 E,; q)

B BS equation with multiple nonlocal ee scatterings

~E3 1 &3
M (B, E—; ) = Ao (B E— Q)+N E N (Et, E—; q+k'—K")
k//

x G(Ey,K")G(E_,Q — K" e (Ey, E_; q+ k — k")
Q=q+k+k
B Parquet equation
—eh —
Mo (Ev, E-;q) = Ngo(Er, E-; @)+ Ao (Ey, E-; Q) =T (Ey, E-; Q)

Fully irreducible vertex 7 - contains all Local and multiply LSU
crossed diagrams
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2Pconsistent Dparquets Wi disorde

2P electron-hole symmetry - missing in CPA

m Charge § time reflection (bipartite lattice)
G(k, z) = G(—k, z)
B Two-particle symmetry: Full vertex

N (z4,2-:9) = T (24,2, —Q) =T _k(z4,2-;Q)
Q=qg+k+k)

k'+q k'+q

Do@h-€:C ¢

B (rreducible vertices: Sywmmetry transformation

N (24:2-:9) = No (24,2 Q) = A%y _(24,2-: Q) LSU
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2Pconsistent Dparguets Wi disorder

Lolewtitg

B 2P vertex from pargquet equations (or other 2P constructions)
does not fully obey ward identity

B 1P propagators in 2P approaches are input
B Vollhardt-wilfle Ldewtitg (cowtiwuitg equation) (ki =k +q/2)

Z(zh ki) -Z(z k) = 1 3 Mue(zs,2-10) [Glz: Ky) — Glz k)]
2

G = GG+ NGGx G — Bethe-salpeter equation

B Wi guaranteed in 2P approaches (parguets) only for
w=0andg=0

M (z4,2-;9) # N (24,23 Q) J

LSU
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2Pconsistent Dparguets Wi disorder

Vertex for the ward Lodentity § self-energy

B Self-energy in the 1P propagator of the parquet equations
(Ex =E+07)

1
%Z(E+a k) = N ; /\kk'(E+7 O)%G(E+7 k/)

N
§)?Z(E+,k):zoo+p/ el S0

— 00

T w-—E
m Vvertex N\ - Lrreductble also Locally
(eh and ee processes indistinguishable)

m (rreducible vertex for the ward i,dewtitg from the vertex of the
parquet equations A

N (@) = A (9 Z/\kk” ) [G (k") (G-) + (G4) G_(k-)

o
—(G1) (G-)] A ()

(Gy) = N1, G(Ex, k) LSU
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Dparquets Wi disorder

2Pconsistent

B New quantities to define a vertex compatible with Wi
AGk(w,q) = G(E4, ki) — G(E- k)
AT0) = B (B k) - B(E k)

Ri(w =N Z/\kk’ q)AGk(w,q) — AXk(w, q)

(AG(w, ZAGk

Ei = Eiw/2i10+, ki = kiq/2
B BS equation for a thermody wamioaLLg conslstent (phgsioaL) 2P

vertex [

1 A G Ry R A Gyr AGA G
— Ok Kk’ Nk — — RAG) ———
NZ{ & [ Be) ~ ae TR L g
AGiRe  RKAGk A GA Gy
X Gk’ Gk/ rk”k’ = /\kk’ = — L < > i S U
- 7} (AG?) (AG?) (AG2)? i
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Conelusions

conclustons |

Parquet approach —- many-body § general

] App}LLc}abLLLt’g of parquet approach
- dLsthguLshabLLLtg of electrons and holes

B Dynamical or nonlocal seatterings

B ntermediate coupling —- a divergence in a BS equation
(RPA pole)

B To 9o beyond the pole — 1P order parameter is to be introduced

B Thermodynamic consistency between 1P propagators § 2P1 vertex
ln parguet equations

B Linearized ward Loentity — self-energy in 1P propagators in
parquet equations

B Schwinger-Dyson equation — determines the physical

self-energy (not self-consistent in parquet equations) su
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Conelusions

conclustons (I

Parquet approach - disordered systems

B Parguet approach only to nonlocal vertices
— beyond mean field (cPA)

B Electron-hole symmetry on 2P Level Leads to
a single nonlinear integral equation

B 2P vertex does not obey ward Ldem,titg

m Wward idew’citzd tnduces restriction of the trreductble vertex tn 2
space

B Corvections to 2PIR vertex to restore WI

B Full 2P vertex from a Bethe-Salpeter equation with a restricted
Lrreducible vertex and Wi corrections

B Physical quantities from the full vertex obeying Wi

LSU
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