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@ Motivation: Diagrammatic extensions of DMFT
@ Short-range interaction: Hubbard model

e RPA

o DMFT

Charge conservation, vertex corrections & Ward identity

Long-range forces: extended Hubbard model

e RPA
o Extended DMFT
e Dual boson approach

Role of vertex corrections in dual boson
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Recollection of DMFT

Mapping to impurity problem

1
Zl/—l—,u—ek—Zi,mp

G, (k) =

Self-consistency condition

g = ZG(k

[A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg, Rev. Mod. Phys. 68, 13 (1996)]
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Diagrammatic extensions of (extended) DMFT

= imp imp
Olmpurity model - ZV ) vertex /VVV/CU

@ Include spatial correlations through diagrammatic corrections:
second-order, FLEX, Parquet, ...

B-C-C] H-]
O- v m
Swkh=—[ ] =3[ ]

@ Examples: DI'A, 1PI, dual fermion, dual boson approach

[A. Toschi, A. A. Katanin, and K. Held, PRB 75, 045118 (2007)]
[A. N. Rubtsov, M. |. Katsnelson, and A. I. Lichtenstein, PRB 77, 033101 (2008)]

[A.N. Rubtsov, M.I. Katsnelson, A.l. Lichtenstein, Ann. Phys. 327, 1320 (2012)]

[G. Rohringer, A. Toschi, H. Hafermann, K. Held, V. I. Anisimov, and A. A. Katanin, PRB 88, 115112 (2013)] @
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Example: Spinpolarons in Na,CoO

E ! B s

o (V)

5000

< 4000
£

o 2000

1000

0 e

0/—\ | | 0 5000 10000 15000 20000 25000
-1

T M K ] w (o)

[L. Boehnke, F. Lechermann, Phys. Rev. B 85, 115128 (2012)]

[A. Wilhelm, F. Lechermann, HH, M. I. Katsnelson, A .I. Lichtenstein, arXiv:1408.2152 (2014)]

[N. L. Wang, P. Zheng, D. Wu, and Y. C. Ma, T. Xiang, R.Y. Jin and D. Mandrus, PRL 93, 237007 (2004)]
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Complementarity to cluster approaches

a Snake!

Clusters Diagrammatic extensions
@ Control parameter: cluster size @ Large clusters
@ Rigorous summation of all @ No sign problem

diagrams on the cluster .
& @ Diagrams summed

@ Limited cluster size, difficult to perturbatively
converge in practice . . .
& P @ Truncation of fermion-fermion
@ Ambiguous interpolation interaction
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Extended Hubbard model Hamiltonian

H=—FY (chtso+ ¢ s00)

réo

1
+ UZ Nep ey + 5 Z V(r—r')neny.
r

rr’

r: discrete lattice site positions; half bandwidth D =1
@ V4 =0 local interaction — Hubbard model (2D)

o V4 = 2, (screened) Coulomb interaction (3D)

q<

o Vg= %, (screened) Coulomb interaction (2D)

o V4 = 2V(cos gx + cos g, ), nearest-neighbor interaction (2D) @
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Extended Hubbard model Hamiltonian

H=—FY (chtso+ ¢ s00)

réo

1
+ UZ Nep ey + 5 Z V(r—r')neny.
r

rr’

r: discrete lattice site positions; half bandwidth D =1

@ V4 = 0 local interaction — Hubbard model (2D)

o V4 = 2, (screened) Coulomb interaction (3D)

q<

o Vg= %, (screened) Coulomb interaction (2D)

o V4 = 2V(cos gx + cos g, ), nearest-neighbor interaction (2D) @
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Hubbard model (V4 = 0)

Noninteracting case: X2(q) = — & > ko Gotw(k + )Gy (k)

Xo(q) = <>
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Hubbard model (V4 = 0)

Random phase approximation (T = 0.02)

U = 0.50 . U =1.00 25

w
o - N W

@ Zero sound mode for g — 0
@ RPA does not capture Mott physics @

Hartmut Hafermann Collective excitations of strongly correlated electrons



Hubbard model (V4 = 0)

Random phase approximation

—Tu(q)

xo(@) = (@) + Mu(@UNu(a) = = 745 0y

N5"(a) = —x2(a)

Polarization

f(ex) — f(ekra) a0 4
ARPA(q) — — a) a2
o (a) % W + €k — €ktq (w)?

Dispersion of collective mode:

1+ UNyq)(q) = 0= w(q) ~q zero sound @
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Hubbard model (V4 = 0)

Dynamical mean-field theory: Mott transition

DOS
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DMFT susceptibility

L RERGE
@ HD

Fvela) = P = T T 0 (@) (o)

1///

= 2TZwa(q _2T22wa Z/VUJ )Xg’w(q)

v/
[A. Georges, G. Kotliar, W. Krauth, and M. J. Rozenberg, Rev. Mod. Phys. 68, 13 (1996)] @

Hartmut Hafermann Collective excitations of strongly correlated electrons




Hubbard model (V4 = 0)

Collective charge excitations: DMFT (V4 = 0)
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@ Zero sound mode in correlated metallic state

[HH, E. van Loon, M.1. Katsnelson, A.l. Lichtenstein and O. Parcollet, PRB 90, 235105 (2014)]
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Kinetic energy: Peierls substitution

Y- _tz cl zeA 5Cr 50 + CT 50 —zeArJCrU

réo

Invariant under gauge transformation
Ad— A+ N_s— A, ch — che“\', & — e M

Current

jr= _H =et (CJJCY—&T B :—JJC"U) 4
r

> (CJU(A,J)Q_(;(, +cl 5U(A,6)cm> 5
oo
d|a

e

[R. E. Peierls, Z. Phys. 80, 763791 (1933)]
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Continuity equation

on,

&gy =~ ve[ny, H]

—ef Z (cjgc,+5g+cjgcr_5g— Cj_’_&UCm —c:f_éacm>
do
e <cJU(Ar(S)cr+5U+cjg(Ar5)cr_5U
oo

—cl s (Ao —c 4 (A 5)%)
Define forward derivative

s
VF.Jr;:J”FTJ'

Continuity equation (operator identity)
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Electromagnetic response kernel K,
Uﬂ(q» = K/Ll/(q)Al/(q)7 ju = e(”aj)

Charge conservation

(ain(@)) = af Kun()Au(9) = 0 = qf Ky () = 0

Gauge invariance

Kun()[AL(9) + g/ N = K (9)Au(q) <= Kun(9)a) =0
q> 2
Koo(q) = WK:B(CI) = (w)“xw(a=0)=0
q
08 /2 -
06| w/ vertex corr. X, (q = -
04 bubble Xw(q R

0)
L 0)
| w/ vertex corr. xu o(q) 8
02t bubble x°_,(q)

0.0 [ : : :
0 1 2 3 4

w
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DMFT susceptibility

Luttinger-Ward functional

P[Grj] = Z [Grir] = Z¢imp[Gﬂﬂ]

_ 09[Gyy]  09Grir]
i 56, oG

i 02®[Gry] _ 5¢[Grr]
K566 G 5G?

01010 1k

y — Zimp’ I—irr — [—irr,imp

[G. Baym and L. P. Kadanoff, Phys. Rev. 124, 287 (1961)] @
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DMFT susceptibility

Introduce a perturbation A:
G l=Gt—-A-1[G]
Response function x gives the linear change in G:
X = —0G/0A=G(6G1/5A)G

5% 5% 66
X =66 -GG = GG - GGd—Gé—A
= —GG + GGy

a

1l
+

‘ rirr

()
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[G. Baym, Phys. Rev. 127, 1391 (1962)]




Ward identity |

Green's function analog of the continuity equation

N(x,y,2) = (Trc()e ()iu(2)) - 9= 0.
Ol =e (Tocl)e () [020n(2) + V75| )
+ e (Tre(ln(z), ' (1Io00 - )

+e(Trcl()le(x), (230 — 20))
=e[d(x — z) = 3y — 2)]G(x - ).

Ak, q) = eG(K)T u(k, q)G(k + q) »

9, Tu(k,q) =G (k)= G Y (k+q) @
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Ward identity |l

M ivw(k,q) =yu(k, q) TZ MG NGuro(K + @)l (K, Q).
/k/

HOEEN S

qh T (k,q) =ghvu(k,q) = T T,
/k/

X Gy (K') Gy (K + q)[qgru:u’(k,a q)]

zz/er - Zu = _Tzr;/rzr/w [gl/’er - gu’]
v’

L -
og
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Simpler approximations

0.14

0.08
0.06
0.04
0.02

@ No zero-sound mode despite short-range interaction
@ Vertex corrections are crucial for long wavelength excitations

@ Improper treatment of vertex corrections can lead
qualitatively wrong results
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Extended dynamical mean-field theory (EDMFT)

o Treatment of models with long-range interaction Vg
@ Mapping to impurity model with retarded interaction W,,

Simplc™, c] =— Z ol +p— Avslcs
vo
1
+ UZ NupN_y) + 5 Z noWn_,.
w w

S k) = (&™) A — e
Ha) = (™) Wl Ve

i 1
B = 0 Y 60
k

im 1
Xo© = N E X,(q)
q

[Q. Si and J. L. Smith, Phys. Rev. Lett. 77, 3391 (1996)] [H. Kajueter, Ph.D. thesis, Rutgers University (1996)] @

[J. L. Smith and Q. Si, Phys. Rev. B 61, 5184 (2000)] [R. Chitra and G. Kotliar, Phys. Rev. B 63, 115110 (2001)]
Collective excitations of strongly correlated electrons

G,
X

Self-consistency
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Impurity solver

Hybridization expansion CTQMC with retarded interaction U,, and
improved estimators

n(Ti7)

1] .
L

ny(ri7)

Z =Ly Ziozo f dT Whyb (T)Wat (T ) Wret(T)

Whyb(7) = det[A(T; — 75)]
Wat(T) —e Ufo drny(r)ny (7 +P’fﬂ d7n(r) — e_% Zij Ul'jll'jeﬂz,' i
Wret(T) —e fo dr [ B dr! n(t)U(r—7")n(7")

o; #a L.
2 25 Xk 2 aj.ay50 5o 5o K (Tog=Tay) 2K/(0%) I 14K/ (0%) X2, i

K'(r)=U(r),  K(0)=K(B)=0 @

[P. Werner et al., PRL 97, 076405 (2006)] [P. Werner et al., PRL 104, 146401 (2010)]

Hartmut Hafermann Collective excitations of strongly correlated electrons

=€




Improved estimators

'Bulla’s trick’ (inspired by use in NRG)

i(7)

. Fa(iw) . __ st pret - -
Yo (iw) = C (Iw) F = F"+F'™ F,tz‘<T—T'J:< n ,,(,;,T’)’ >
FHr=7") = =Y (n(7)Upca(T)cs (7))

J

Fret(r—7") —/ dTZ<n Uret(

Z/ diny (AP = 78)
= ZZS@ (78, = 7a)

Jj

[HH, K. R. Patton, P. Werner, PRB B 85, 205106 (2012)] [HH, Phys. Rev. B 89, 235128 (2014)]
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Improved estimators for vertex

Improved estimator for vertex

3
G;b)’con (2, w) Z G,(iv) w,zw)

*ZFa w Gab (2w, 1w)

(Z G (w) G (w4 w)

o
Re Ay, ,

X Gii)’con(zz/, w) — 1)

Re Ay,
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Extended Hubbard model Hamiltonian

H=—FY (chtso+ ¢ s00)

réo

1
+ UZ Nep ey + 5 Z V(r—r')neny.
r

rr’

r: discrete lattice site positions; half bandwidth D =1
@ V4 =0 local interaction — Hubbard model (2D)

e V4 = 7%, (screened) Coulomb interaction (3D)

<

o Vg= %, (screened) Coulomb interaction (2D)

o V4 = 2V(cos gx + cos g, ), nearest-neighbor interaction (2D) @
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Collective charge excitations: EDMFT (V, = V/q?)

1.20
1.00
0.80

EDMFT: r vs. RPA
Kol = ()2 i W] - Xola) = —”5PA(1Q) — Vg
1+ Vyq/q* =0 1+ VMyg)(a)/q> =0
My~ 1/w® = w~1/g"/" N5 (a) = —x%(a) ~ g 4°f(w)
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Dual bosons: basic idea

Siat[c*, c] = — Z ol + plcive + UZ NgutN—q,—w)

ivo quw
+ E 5kckygckz/a+ E VaNgwN—q—cw-
kvo

Introduce impurity problem at each Iattice site

Slat[c C] = Z Slmp[ Cios CVIO'] Z l/ko' 6k)CI/ka

vko
- Z Nuq(We — Vq)Nug
wq
Decouple non-local terms through Hubbard-Stratonovich
transformations, integrate out original fermions @

[A.N. Rubtsov, M.l. Katsnelson, A.l. Lichtenstein, Ann. Phys. 327, 1320 (2012)]
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Dual perturbation theory

~ ~ 1 ~ ~
SIF 01 = =D oGl = 5 2 bavtaudan + 3 V'IF Fid]

kvo

i * 1 * *
Vl[f*a f; d)] = Z )‘gw fycr fl/+wa¢w - Z 27357503U4 fuol fI/ero'z V' +wos fl/’m;

vwo vv'wao;
Evaluate fermionic and bosonic self-energies Y,
in dual perturbation theory
— ANN
(b) G (c) X4

14 y/ v
Y j>/\/ w
v+w V4w vH4w M
(@) 4, (©) e El
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Polarization corrections

¥ = 1 =0 corresponds to (extended) DMFT:

Gk_yl = gzjl(]- + ikzxgu)il + A, — e
Xat = X (L4 Aquxe) ™+ Wo = Vg
Define physical polarization:
-1 -1
Xgw = Mg — Vaq
M generates polarization corrections to EDMFT polarization

I_I(;o_:;l = _Xw(]- + ﬁquw)il + Ww

This talk: ¥ =0,
}\/:}\/—i_ r A
rl=171+ 1> r @

Exactly equivalent to DMFT susceptibility for V =0
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Collective charge excitations: (Vg = V/q

090
dual boson g;?g
0.60
050
040
030
020
0.10
0.00
0.10

Dual boson polarization
M.(q) ~ ¢? (w > 0)

Plasma frequency: Tost 1 v —

wf, = %%tV Z 2 cos(kza)(nk,) % os 1 T

A 2

Hartmut Hafermann Collective excitations of strongly correlated electrons




Extended Hubbard model Hamiltonian

H=—FY (chtso+ ¢ s00)

réo

1
+ UZ Nep ey + 5 Z V(r—r')neny.
r

rr’

r: discrete lattice site positions; half bandwidth D =1
@ V4 =0 local interaction — Hubbard model (2D)

o V4 = 2, (screened) Coulomb interaction (3D)

q<

o V= %, (screened) Coulomb interaction (2D)

o V4 = 2V(cos gx + cos g, ), nearest-neighbor interaction (2D) @
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Surface plasmons: (V4 = V/q)

Spectral weight transfer and
renormalized dispersion

G
Plasma frequency does not scale with quasiparticle weight Z E

[E. van Loon, HH, A. I. Lichtenstein, A. N. Rubtsov, M. I. Katsnelson, PRL 113, 246407 (2014)]
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Extended Hubbard model Hamiltonian

H=—FY (chtso+ ¢ s00)

réo

1
+ UZ Nep ey + 5 Z V(r—r')neny.
r

rr’

r: discrete lattice site positions; half bandwidth D =1
@ V4 =0 local interaction — Hubbard model (2D)

o V4 = 2, (screened) Coulomb interaction (3D)

q<

o Vg= %, (screened) Coulomb interaction (2D)

e Vg4 =2V(cos gy + cos g, ), nearest-neighbor interaction (2D) @
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Extended Hubbard model: U — V phase diagram (2D)

Transition to charge-ordered (CO) insulator

1.0 T —
0.8
0.6
>
04
0.2 DB, 2nd 01‘(1i
DB, ladder |
RPA: -—---
o V=U/i----
00 L L Il
0.0 1.0 2.0

Phase boundary from
divergence of Xg, at
q=(m,7m), w=0
Dual boson diagrams:

= -

@ Large corrections to EDMFT even for small U
@ RPA is reproduced non-trivially for U — 0! @

[E. van Loon, A. I. Lichtenstein, M. I. Katsnelson, O. Parcollet, HH, PRB 90, 235135 (2014)]

Hartmut Hafermann

Collective excitations of strongly correlated electrons



Polarization

u=0
LI B W RPA
S <F 21 N
C?i g‘ 2 B 08| -
79 = er 1 e} A
ST = ] 4 Fo=6m/8 1
15 ozr b X _
14 0 qw - _ .
S 7Y L I N, —Mg — (U + Va)
5
g3 ‘
S S 3
([1] 2 4 T
RPA _ Z (0) ~(0)
RN . 1 g I_Iqw = —N ka Gk+qz/+w
0051 1.5,2, 25 3 35 00 05 1 |5u2; 25 3 35 kyo.

e At weak coupling, dual boson (blue) essentially reproduces
RPA (black)

e EDMFT (red) polarization deviates significantly @
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Polarization

55 — ap N
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(ladder approximation)

e Charge conservation violated in EDMFT (red) and
second-order DB (blue); more severe at large U

@ Artifacts in second-order DB

o EDMFT and DB are close at strong coupling
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Simplified dual boson (s-DB)

Neglect two-particle vertex: v =0

1 /
)‘gw = Y (T E fygg’wgl/’a’gy’—&—w,o’ - 1)
w

Vlo-l

N = —Xa"
This yields an approximation similar to EDMFT+GW (V=decoupling):
s-DB
M-l = —(xo {GG}noan) W,
EDMFT+GW

”;u} _ [( _ Xll _ Ww) {GG}nonloc:| - @
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U — V phase diagram

Transition to charge-ordered (CO) insulator: X!
q=(m,m

1.0 T
—— EDMFT
 ——— DB, IL,Y 2nd ord
DB, I1,X ladder
0.8 [ ——— DB, II,¥ simplified
—— EDMFT+GW, V-decoupling
[ -—-- RPA
S--- V=U/M .
0.6 / [~
-
N .
0.4
0.2
2 FL
0.0 L2 :
0.0 1.0 2.0

U
Fermionic frequency-dependence of fermion-boson vertex

is important!
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V=040
V =060

V=072 ——

Xt = (

quw

1+ X flgwxw) ™H + Wey — Vg
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Conclusions

DMFT susceptibility appears to be conserving in finite
dimensions, EDMFT is not

Neglect of vertex corrections can lead to
qualitatively wrong results

Frequency dependent self-energy requires

frequency dependent irreducible vertex

Dual boson approach includes vertex corrections beyond RPA
and describes zero sound / plasmons in correlated state

Three-leg vertex is important

References:

*]
]
(]

Collective excitations and gauge invariance: H. Hafermann, E. van Loon, M. |. Katsnelson, A. I.
Lichtenstein and O. Parcollet, Phys. Rev. B 90, 235105 (2014).

Spectral weight transfer and renormalized dispersion: E. van Loon, H. Hafermann, A. I. Lichtenstein, A. N.
Rubtsov, M. I. Katsnelson, Phys. Rev. Lett. 113, 246407 (2014).

Dual boson application to extended Hubbard model: E. van Loon, A. |. Lichtenstein, M. |. Katsnelson, O.
Parcollet, H. Hafermann, Phys. Rev. B 90, 235135 (2014).

Thank you for your attention ! @

Hartmut Hafermann Collective excitations of strongly correlated electrons



